Out-of-time-ordered correlation functions (OTOCs) play a crucial role in the study of thermalization, entanglement, and quantum chaos, as they quantify the scrambling of quantum information due to complex interactions. As a consequence of their out-of-time-ordered nature, OTOCs are difficult to measure experimentally. In this Letter we propose an OTOC measurement protocol that does not rely on the reversal of time evolution and is easy to implement in a range of experimental settings. We demonstrate application of our protocol by the characterization of quantum chaos in a periodically driven spin.
Introduction.-Collective effects in quantum systems play an important role in the development of quantum technologies. Quantum entanglement may increase the sensitivity of quantum metrology, and many-body systems scramble initially localized information and selfthermalize. Studies of classically chaotic systems in the quantum limit call for suitable measures of quantum chaos, and recent works have shown strong connections between quantum information scrambling, self-thermalization, entanglement generation, and quantum chaotic dynamics [1] [2] [3] [4] [5] .
One characterization of the dynamics of quantum information is found in out-of-time-ordered correlation functions (OTOCs), which do not obey the usual time ordering of their constituent operators. A particular OTOC is
where V ≡ V (0) and W (t) are operators evaluated in the Heisenberg picture at times 0 and t. Originally introduced in the description of how electron momenta fail to commute at different times in superconductor physics [6] , this particular OTOC has seen a revival as a way of measuring the scrambling of quantum information [1, 7] . Through the scrambling process, initially localized information (e.g., a local perturbation) is spread throughout the particular system's degrees of freedom, becoming inaccessible to any local probes at later times. A measure of scrambling may be introduced as the commutator between two operators separated in time,
In quantum chaotic systems C(t) may exhibit an exponential growth with a quantum Lyapunov exponent [4, 5] . This signals that the later operator W becomes sensitive to the earlier perturbation V . One may show that C(t) can be related directly to the OTOC F (t) [1, 3, 4] . In particular, if we let V = ρ 0 = |Ψ 0 Ψ 0 | be the projection operator onto an initial pure system state and assume W to be unitary, we find that C(t) = 1 − F (t). The experimental protocol proposed in this Letter. After system initialization (I) and forward time evolution (II), we do not apply any perturbation, but instead measure the expectation value of the unitary operator W (IIIb). This yields the OTOC Eq. (1) without requiring the reversal of time evolution.
Due to the out-of-time-ordered nature of OTOCs, measuring F (t) has proven experimentally challenging, as at first glance this requires the reversal of time evolution 0 → t → 0. The reversal of time evolution has been implemented experimentally in Ising model quantum simulators by changing the sign of the Hamiltonian H → −H, thus allowing OTOCs to be measured in a Loschmidt echo-like procedure [8] [9] [10] [11] . This procedure is illustrated in Fig. 1 for a single spin. For systems that do not permit time reversal, the measurement of F (t) has been proposed and experimentally demonstrated using interferometric approaches [12] , auxiliary degrees of freedom [13] , or statistical correlations [14, 15] . There are, however, experimental systems for which these methods are insufficient or unsuitable.
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In this Letter we propose an experimental protocol that allows the measurement of the OTOC F (t) without using reversal of time evolution. We present the theoretical derivation of this protocol and, as an example, we characterize the quantum chaos in a periodically driven spin, based on the system considered in Ref. [16] .
Protocol.-We motivate our protocol by briefly considering the Loschmidt echo, which is the quintessential experiment for probing the sensitivity of quantum time evolution to perturbations [17] . The Loschmidt echo is visualized in Fig. 1 for a single spin: An initial state, given by the density matrix ρ 0 ≡ ρ(0), is first evolved forward in time to t > 0. A unitary perturbation W (e.g., a rotation) is then applied to the system state at time t. Finally, the system is evolved backward in time to t = 0. The resulting state is
where the Heisenberg picture operator W (t) = U † (t, 0) W U(t, 0) captures the Loschmidt echo procedure described above. In the Loschmidt echo we measure the fidelity
. This fidelity provides a measure of how similar our final state is to the initial state, and consequently how susceptible the system dynamics are to the perturbation W applied at time t. The Loschmidt echo fidelity L(t) is an OTOC on the form of Eq. (1) [1, 8, 9] : Choosing one operator to be the initial state, V = ρ 0 , assuming an initially pure state (such that ρ 0 = |Ψ 0 Ψ 0 |), and requiring W to be unitary, we find that [18]
The Loschmidt echo thus provides direct experimental access to F (t) (and in turn C(t)), provided that one can implement an experimental protocol that measures the echo fidelity
Inspired by the Loschmidt echo, we now define our experimental protocol that allows the measurement of F (t) without requiring the use of reversal of time evolution. We assume the operator V to be the projection operator onto the initial pure state, V = ρ 0 = |Ψ 0 Ψ 0 |, with no restrictions on the operator W . Inserting this into Eq. (1) yields [18]
where the expectation value is with respect to the initial state |Ψ 0 . This equation reveals that F (t) may be determined experimentally by measuring either W (t) or | W (t) | 2 directly from the time-evolved state ρ(t) at time t as visualized in Fig. 1 step (IIIb). While our protocol restricts the operator V to be the projector onto the initial (pure) state ρ 0 , this restriction may for certain initial states be lifted in a similar manner to that demonstrated in Ref. [8] .
To conform with the assumptions of the Loschmidt echo procedure, we now additionally restrict W to be a unitary operator by writing W as the complex exponential of a perturbation Hamiltonian H , W = exp(−iH τ ). The eigenstates and eigenvalues of H follow from the spectral theorem: H |ψ n = E n |ψ n . W is not Hermitian and hence not an observable, but its expectation value W (t) can be measured experimentally by sampling the timeevolved state |Ψ(t) = U(t, 0) |Ψ 0 in the eigenbasis of W . This sampling yields the state populations |c n (t)| 2 , where c n (t) = ψ n |Ψ(t) is the time-dependent amplitude of the nth eigenstate, and these populations are then used as weight factors in the evaluation of the mean value of the known complex factors λ n = exp(−iE n τ ):
By varying τ , we change the eigenvalues λ n while leaving the eigenstates |ψ n (and thus also the state amplitudes c n (t)) unchanged. Hence, we may calculate the OTOC F (t) for operators W corresponding to different τ after having measured the state populations |c n (t)| 2 only once.
We briefly comment on the differences between our scheme and the Loschmidt echo protocol. Both provide experimental access to the OTOC F (t) using identical assumptions on the operators V and W . However, the requirements for the experimental system as well as the role of the operator W differ significantly. In the Loschmidt echo protocol, a perturbation represented by the unitary operator W must be applied to the system state at time t, and the reversal of time evolution is necessary to compare the perturbed state to the initial state at time 0. In our protocol, W is not applied as a perturbation but instead simply evaluated, and | W (t) | 2 at time t directly yields the desired OTOC F (t).
In the description of our protocol, we have considered the pure state evolution of closed system dynamics. However, the protocol readily generalizes to systems that interact with environmental degrees of freedom. During its time evolution, the initially pure system state becomes mixed due to the decoherence and dissipation caused by the interaction with the environment, and we have W (t) = Tr[ρ(t) W ], where ρ(t) is the Schrödinger picture density matrix evolved in time from ρ(0) ≡ ρ 0 = |Ψ 0 Ψ 0 |. Alongside the experimental simplicity due to the avoided backward time evolution, our protocol permits simpler numerical evaluations of OTOCs for both closed and open quantum systems. In particular, it avoids having to apply the quantum regression theorem and its elaborate extensions [19] to OTOCs in open quantum systems.
Example.-As an example, we consider the quantum driven top which displays regular and chaotic behavior depending on the initial state [18]. The chaotic behavior may be diagnosed by OTOCs, as the correlation function C(t) grows exponentially in quantum chaotic systems. The quantum driven top Hamiltonian is for an angular momentum J given as ( = 1) H DT (t) = αJ z + (β/J)J 2
x + γ cos(ωt)J y , where the J i 's are angular momentum operators obeying commutator relations [J i , J j ] = i ijk J k . The quadratic term is normalized by the magnitude of the angular momentum J to ensure that setting α = β yields equally strong contributions from the static linear and quadratic terms.
The spin coherent states (SCS) |θ, φ [20] are candidate initial states for exploring chaos, as they are minimumuncertainty states. The state |θ, φ , which is aligned along the axis Ω = (θ, φ), is obtained by first rotating the J z eigenstate |J, m J = J about y by a polar angle θ, followed by a rotation about z by an azimuthal angle φ. We may write |θ,
is the rotation about the axis (− sin(φ), cos(φ), 0) by an angle θ.
To apply our protocol we assume V = |θ, φ θ, φ|, the projection operator onto the initial state. Our choice of unitary operator is W ≡ W (Ω), the rotation about the axis Ω = (θ, φ) by an angle . This ensures that the two operators commute at initial times and therefore that C(0) = 0. W (Ω) takes the form
where n(Ω) is the unit vector along the axis of rotation and J = (J x , J y , J z ) T is the vector of angular momentum operators. We note that W (Ω) may be expressed as Analogous to the argument τ in our introduction of the protocol, the rotation angle provides tunability of the unitary rotation operator and hence its eigenvalues λ m , while leaving the eigenstates |ψ m unchanged. This allows us to study OTOCs for a family of unitary operators (rotations by varying angles around the axis Ω) after having conducted only a single experiment.
With our choice of W and initial states, we can readily calculate F (t) numerically. Results are shown in Fig. 2(cd) for increasing times t (in units of the Hamiltonian period τ = 2π/ω, where ω is the frequency of the drive) for spin J = 41/2 and = π/40. Each point (θ, φ) in the figures represents an initial SCS |Ψ 0 = |θ, φ . For some initial states, F (t) quickly approaches a low, steady state value, whereas other initial states retain a high OTOC throughout the time evolution.
Select regular (blue) and chaotic (red) trajectories for the classical driven top are for comparison displayed in Fig. 2(a) . The average Lyapunov exponents may be extracted from these trajectories by fitting the divergence of two initially adjacent trajectories to an exponential. The average Lyapunov exponents for different initial states are shown in Fig. 2(b) . Comparing with the OTOC results above, we see clear similarities between the behavior of F (t) and the classical phase space structures.
We emphasize that classical chaos is associated with the time evolution and not by the specific initial separation of trajectories, and in the same way, the outcome of the Loschmidt echo protocol should not depend on the precise choice of perturbation applied at time t. It is thus reassuring that in our scheme this perturbation does not need to be applied; it is merely a quantity that characterizes the evolution of the system under the chaotic Hamiltonian dynamics.
In Fig. 2(e) we illustrate the time dependence of F (t) for differerent initial SCS. The blue and orange curves originate in classically chaotic regions and settle at oscillations around a reduced value, while the red and purple curves correspond to classically regular regions and retain their OTOC value close to unity throughout the time evolution. The mean values of the blue and yellow curves may be understood as the proportion of Hilbert space explored by these initial states during their time evolution, while the repeated revivals of the blue trajectory are due to the finite-sized Hilbert space, causing the partial return of the wavefunction to its initial state.
The green trajectory in Fig. 2(e) is the OTOC F (t) for the initial state |π/2, π/2 which -due to the angular uncertainty of the SCS at J = 41/2 -partially overlaps with both regions of classically regular behavior and regions of classically chaotic behavior. This trajectory displays oscillatory behavior far from that of both the blue and orange trajectories, indicating that the regular behavior is suppressing chaos. The less-than-unity mean value of the green trajectory is due to the size of the Hilbert space on which the state spreads out during time evolution.
The eigenvalues of our unitary operator W (Ω) depend on the angle of rotation , and we can therefore increase the magnitude of variation of the OTOC F (t) by changing post-experiment. This is shown in Fig. 3 for the chaotic initial SCS |0.6π, 0 , where we have used the experimentally relevant J = 7/2 [16] . When is increased from π/400 to π/4, the OTOC-signal modulation increases and resembles that of larger spins such as J = 41/2 in Fig. 2(c) . However, the association with the Loschmidt echo protocol assumes a small perturbation, and one should be cautious when drawing conclusions from the larger (i.e. lower) curves in Fig. 3(a) . By inserting V = ρ 0 and W (Ω) into Eq. (2) and expanding W to second order in 1, one may show that C(t) ≈ 2 σ 2 J (t) [1] , where σ 2 J (t) = J 2 (t) − J (t) 2 is the variance of the angular momentum component J along the (θ, φ) direction. Figure 3 (b) shows C(t)/ 2 for the same choices of as in Fig. 3(a) , and we find that for < π/6 the general C(t) Figure 3 . F (t) trajectories (a) and C(t)/ 2 trajectories (b) for different perturbation angles , shown for the SCS |0.6π, 0 (classically chaotic). We have used J = 7/2. In both panels, the curves at the dashed vertical lines are from top to bottom: = π/400 (solid dark blue), π/40 (dashed red), π/10 (solid yellow), π/8 (solid purple), π/6 (solid green), and π/4 (solid light blue). A larger angle increases the visibility of the OTOC F (t). However, W is no longer a small perturbation to the state for large . (b) shows this deviation from the perturbation limit for increasing .
dynamics are preserved quite well while still representing the perturbation limit of the Loschmidt echo protocol.
Outlook.-In this Letter we have proposed a protocol for measuring out-of-time-ordered correlation functions (OTOCs) that does not require reversal of the time evolution. Unlike Loschmidt echo methods [8] , our protocol evaluates the OTOC as an operator expectation value in a forward time evolved state. The protocol may be applied either repeatedly on a single-system or on an ensemble of identical systems.
An alternative protocol in Ref. [14] measures (Hermitian) observables W (t) and V † W (t) V from randomized initial states prepared using global random unitaries. The ensemble average of W (t) V † W (t) V over random preparations then yields the OTOC F (t). This provides additional freedom in choosing V when compared with our proposed protocol, however the random unitary sampling restricts the evaluation to the infinite-temperature thermal state. Our protocol can determine F (t) for different initial states and, e.g., resolve regular and chaotic regions of state-space. With our restriction of the operator V to pure initial states, not all OTOCs in Ref. [14] can be obtained. For quantum chaos applications, however, the universal OTOC signatures are for all practical purposes independent of the choice of operators V and W [22] .
We have illustrated our protocol by applying it in the analysis of quantum chaos within the quantum driven top. Our protocol readily finds application in the investigation of quantum chaos in other experimentally relevant systems, such as by measuring the individual spins in ion trap quantum simulators [13, 15] , by measuring the single site occupation of atoms in optical lattices [23] , or by measuring the expectation values of unitary operators in the hyperfine manifold of cold alkali atoms [24] . P.D.B. and K.M. acknowledge financial support from the Villum Foundation. S.A., V.M., M.A.I.J., and A.M.
